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Abstract. The methods of finite time thermodynamics are used to solve the maximal profit
problem in irreversible microeconomic systems, similar to the problems of generalized exergy,
which were solved in the first part of the paper. The condition of equilibrium in open microeco-
nomic systems is obtained.

1. Introduction

The existence of deep analogy between thermodynamic and economic systems
was pointed out by Samuelson in his Nobel lecture [8]. For equilibrium processes
this analogy has been studied in detail in [2,3,7]. Martinas successfully traces
the analogy between basic notions of irreversible thermodynamics and microeco-
nomics [4,5,6]. Very few results were obtained using the methods of finite-time
thermodynamics [1].

In microeconomics the stocks of resource and capital (basic resource) of the
economic agent play the role of intensive variables in thermodynamics (volume, in-
ternal energy, enthalpy, entropy, etc). Intensive variables in thermodynamics are
temperatures, pressures, chemical potentials, etc. In microeconomics such vari-
ables are the prices (estimates) of resources. If two or more systems with the same
parameters merge in thermodynamics or economics then their intensive variables
do not change and their extensive variables add up. What is especially important
is irreversibility that is characteristic for both thermodynamic and economic pro-
cesses. In thermodynamics there is a measure of irreversibility — entropy increase
in a closed system (energy dissipation). Entropy increase also determines decrease
of system exergy. According to the second law of thermodynamics the entropy of
the close system can only increase and its exergy decrease.

It is also possible to introduce a quantitative measure of irreversibility in eco-
nomics, which describes the decreasing ability to derive capital from economic
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extensive?
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system. We shall call this measure dissipation (capital dissipation), in analogy
with thermodynamics. Capital dissipation is related to the rates of resource ex-
change processes.

The capital (basic resource) plays a special role among other types of resources
in economics, because it can be freely exchanged for any other resource. Basic
resource is similar to work. Just as it is done in thermodynamics, it is possible
to introduce economic index which characterizes the maximal-possible amount of
basic resource EY that can be derived from N units of resource during resource-
exchange and the maximal amount of capital F that can be derived from a system,
which includes no more than one market of perfect competition. We shall call
these values the profitability of the resource and the profitability of the system.
Similarly to how dissipation in thermodynamics reduces exergy of the heat, capital
dissipation reduces the profitability of the system.

Table 1 (an extended version of the Table in [7]) shows analogies between the
elements of thermodynamic and microeconomic systems and their characteristics.

The following notations are used here: T_ and T are the temperatures of the
market and the working body which contacts it; p_ is the estimate of the resource
on the market with perfect competition; ¢ is the price of the resources set by the
intermediary; N the amount of resource, U is the internal energy of the system; ¢
and g are the fluxes of heat and resource. If the system includes two market with
perfect competition, p; and p_, and p; > p_, then it is clear that the value of
resource is

E’ = N(py —p-). (1)

If there are no restrictions on the rate e of profit generation then E° has the
same value. If such restrictions are present then the limiting value of the derived
capital from the flow of resource F, will be lower than E°. The same is also true for
the maximal-possible amount of capital extractable from the system of economic
agents (EA) in a limited time. We denote this value E.

The second part of this paper is devoted to the calculation of profitability and
to the discussion of the factor of irreversibility in microeconomics.

2. Profitability: Limiting Possibility to Extract Profit in a Closed
Microeconomic System

Consider an economic system, which consists of k economic agents (EA). Each EA
has the stock of resource (commodity) N; (i = 1,2,...,k) and the stock of capital
(basic resource) M;. The resource estimate p; depends on N; and M;. It is defined
as the minimal price for which EA is ready is sell the resource and the maximal
price, for which it is ready to buy it. A market can be one of the subsystems, for
which the resource estimate p_ is constant and does not depend on its stock.

We assume that the system considered is closed, that is, the resource exchange
between the system and the environment cannot occur but the capital exchange
with the environment is possible. During a contact between i-th and j-th subsys-
tems the fluxes of resource n;; and capital n?j occur. The resource flux is directed
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Thermodynamic system

Microeconomic system

N | Name Denotation Name Denotation
1. | Reservoir (re- Market — with
versible  heat T perfect compe- p_
exchange) tition
2. | Reservoir (ir- Monopolistically
reversible heat T_ competitive p—
exchange) market

¢ = o1, T_)(T-T.)

g=a(p,p-)(p —p-)

3. | System energy

Resource stock

U N
4. | System with fi- Economic
nite capacity, TU) agent, resource p(N)
temperature estimate
5. | Heat engine Trading firm,
T(t) price c(t)
6. | Mechanical en- Basic resource
ergy A M
7. | System exergy System  prof-
E itability E

Table 1: The analogies between thermodynamic and microeconomic systems.

from the subsystem with the lower estimate to the subsystem with the higher
estimate. The flux of capital goes in the opposite direction to the flux of resource.
A system contains an economic intermediary (trading firm). The goal of this
intermediary is to organize resource exchange in such a way that it extracts from
the system some amount of capital M. We will also assume that the direct ex-
change of resources between EAs is not possible, the intermediary attempts to
maximize M by setting the prices for buying and selling; and the fluxes of sold
and bought resource depend on the price ¢; offered by the intermediary to the i-th
subsystem and on the resource estimate p; by the i-th subsystem. Thus,

n; = ni(pi» ;)

n; =0 for

bi = ¢,

sign (n;) = sign (¢; — p;) -

(2)
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We assume that the flux is positive if it is directed to the intermediary. It is clear
that the capital flux

nd(pi, i) = —cini(pisci) . (3)

The stocks of resource and capital in the ¢-th subsystem change according to the
equations

N; = —ni(pi,ei), N;(0) = Ny,
M; = cni(pi,ci), M;(0) = M. (4)

Assume that for the fixed M; the estimates p;(N;, M;) are functions which
decrease monotonically when IN; increases. As a rule, for fixed N; these functions
are increasing functions of M;. But it is also possible that the estimate does not
depend on the amount of capital in the subsystem.

We will later find what are the volumes of capital, which intermediary can
extract from the system if it operates in infinite time, and in finite time. These
results will be obtained for systems, which include market and those which do not
include it.

2.1. THE DURATION OF THE PROCESS IS NOT LIMITED

2.1.1.  System with a market

If we denote the resource’s market price as p_, then when ¢ — oo the resource
estimate in any of the subsystems tends to p_. From the conditions of equilibrium
for t — oo, we get

pz(wzaﬁz) = p—, Zzl,,k‘ (5)

Here N;, M; denote the equilibrium stocks of resource and capital.
If there are no restrictions on the duration of operations then the intermediary
buys resource for the price as much as close to p;, and

dM;
dN;

= —p;(N;, M;), M;(Nyy) = M. (6)

The profitability of economic system — the limiting amount of extracted capital
here is

k ko Ni
B = Y (M= T5) = 3 [ pi(Ni Mi(N) aN;. ()
i=1 =1y
i0
The conditions (57), (58) determine 2k unknowns N; M;, and also F.

EXAMPLE 1 Consider a system, which consists of two EAs and a market. The
initial stocks of resources and capital for EAs N;g, Mo, i = 1,2, are given, and
the market price (the estimate of the resource on the market) p_ is given.
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Let the resource estimates for the EAs have the form
M; .
Di :aiﬁza Z:172' (8)

The system (57) can be rewritten as

dMi Mi
= 04—, M’L N’L - M7 )
dNZ' “ Ni ( ) ’
which gives M;(N;)
Mo N&
M; = % i=1,2. (9)

2

Let us find the equilibrium stocks of resource N and N» from the conditions
(56). After taking into account (59), (60), these conditions take the form

-

Mg - NiOZ

E—
N;*

Q; = p_, i=1,2.
We get
Q

1
N; = <_Mi0'Nz%i> B i=1,2,
p

and the corresponding equilibrium stocks of capital are
M; = —N;, 1=1,2. (10)

The limiting amount of extracted capital for the system F., can be found from the
conditions (58), (61). The profitability of the system is determined by the equality
(58).

2.1.2.  System without market
In this case when ¢ — oo the resource estimates in subsystems turned out to be
the same and equal to some value p. Instead of equation (56) here we have

The value of p is to be found from the condition that the intermediary’s resource
stock does not change (that is, it sells everything it buys)

k

> (Vi — Nyg) = 0. (12)

i=1

_ The equalities (62), (63) jointly with the equations (57) allow us to find vectors
N, M and p, which determine the maximum of the extracted capital F,, in this
case.
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EXAMPLE 2 Consider the same system as in the previous Example. The initial
stocks of resorce and capital Nyig, Nog, M1g, Moy are given. The dependencies of
the estimates on the current stocks M; and N; (i = 1,2) have the form

For these dependencies the equations (57) take the form

dM; M,

T 2 My (N = M
N, OéNl , 1(N1o) 10 5
dMs Mo

/T - _p== Mo (N = Mog.
a, ﬂNg , 2(Nao) 20

Solution of these equations gives M;(N7) and My(Na)

M - Njj
NY

My - Nj

M, =
Ny

5 M2:

The conditions (62) and (63) allow us to find the resource stocks for each of the
agents N; after exchange is completed. These conditions can be rewritten as

Nig+ Ny = Ni+ No,

NG MooV
Nt Nt

For the particular case of a« = 8 = =, this system has the following solution

¥, - NotNo) (MloNfo)rlj
(M1oN{o) ™7 + (Mag Ny ) T

= _(Nay+ Nig) - (MayNG) ™3

(MigNJp) ™7 + (MagNgp) ™

9

The values of N7 and N5 determine the equilibrium stocks of capital
My = (M- Nj)™ -W,
My = (My-Ngp)™ - W,

where

1 1\
W (M1oN1p) ™7 + (Moo Noy) 77
Nao 4+ Nig

The substitution of these expressions into (58) yields the profitability of the system.
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If resource exchange takes place without intermediary then the total resource
stock and capital stock in the system do not change and the single resource estimate
P is established in the system. The equations (57) take the form

dM;
dN;

So
M[:Mi —ﬁ(N—Nio), i=1,...,k.

The substitution of these expressions into the conditions (62), (63) yields N; and

p-
2.2. THE DURATION OF RESOURCE EXCHANGE IS LIMITED

We assume now that the duration of resource exchange is given and equal to 7. In
this case the intermediary has to increase the prices which it offers to sellers and
to decrease the prices it offers to buyers, compared to the equilibrium estimates p;.
This leads to the irreversible losses and reduces the amount of capital extracted
from the system. The maximal possible value of this amount of capital E, here
turns out to be lower than F,,. The difference between these two values

AS = (Bs—E;) > 0 (13)

characterizes the irreversibility of the resource exchange process.

2.2.1.  The condition of optimal trading

Consider exchange between intermediary and EA. The problem is how to control
the offered price of resource in such a way that in a given time interval 7 the
resource stock AN is sold with the maximal profit. It is clear that the same
conditions, which determine solution to this problem, also determine the solution
of the problem when intermediary buys resource from EA and tries spend the
minimal amount of capital for that. In both cases the EA’s amount of capital at
the end of the process M (7) must be minimal.

Formally, the problem is written as

M = M(t) — mcin (14)
subject to constraints
N = N(1) = Ny— AN, (15)
Z—Aj\{ = —c, (16)
T No
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In order to replace the problem independent variable dt with d/N we use the de-

pendence
dN

W = —n(p,c),

in which n is a nonzero function over the interval (0, 7).

In the problem (65), (67), (68) one is required to find such dependence ¢*(N),
for which the capital increment for EA is minimal.

The conditions of optimality for this problem were derived in [12]. They have
the following form

. (18)

i[an/ac} _ on/op - (Op/OM)
dN [n?(p,c) n?(p, c)

If resource estimate p depends only on its stock N and 0p/OM = 0, then the
condition (69) becomes simpler

on/9c = const . (19)
n*(p, c)
It
n(p;c) = alc—p), (20)
then from the condition (70) during the sale of the resource we get
— N - Ny
“(N,N) = p(N) — 21
G(N,N) = p() - 0 (21)
and the capital received from the sale is
N _ N2
E(N) = Ba(W) - =20 (22)
art

where F is the capital the intermediary could receive if 7 — oo, and it sells it

using the equilibrium prices ¢(N) = p(IN). The function E(7) is shown in Fig. 1.
If 7 < 19 = AN?/(aEw) then the intermediary has to subside the customer.

If 7% = 279 then the average rate of profit e(7) = E(7)/7 is maximal and equal to

Q[EOO(N—N()) 2
e = —|— 7 -
4

N — Ny

The loss of capital in comparison with the equilibrium process gives an estimate
of the reduction of profitability (capital dissipation).

o = n(p.c)(p—c). (23)

The amount of dissipative losses is determined as

T T

AS(r) = / o(t)dt — / n(p,c)(p— ¢) dt . (24)

0 0
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Fig. 1: The dependence of the profitability on the duration of the process.

For the above-considered example this loss is

AS(r, W) = / a(p(N) — o(N))2dt — w
0
B(r) = B (N)— AS(r,N) = Ey(N) — / n(p.c)(p—cldt.  (25)

0

The expression (76) holds for arbitrary dependence n(p,c). Indeed, when dt is
replaced with dN, the integral in (75) can be rewritten as

AS(N) = S(N)— S(No) = [ (p(N) — ¢, (N, ))dN .

‘32\2|

In its turn, the extracted capital is

N N
E(r,N) = [ ¢;(N,N)dN, Ex(N) = [ p(N)dN. (26)
/ /

The comparison of these two expressions yields (76). Thus, the optimal process of
buying (selling) corresponds to the process of minimal dissipation of capital.

2.2.2.  Extraction of the maximal profit

In this case the problem is reduced to trading (buying or selling) resource from
each of the EA. The trading process must proceed optimally from the viewpoint of
capital extraction (spending), so that the price ¢ and the resource estimate p must
obey the conditions (69), (70) at any moment of time. The volumes AN; bought
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from each of the m subsystems must be chosen optimally and obey the condition

m

> Ni =) Ng. (27)
=1 =1

Market can be viewed as one of the subsystems, for which the estimate p_ does
not depend on neither the resource stock nor the capital stock. Therefore, for all
dependencies n(c,p_) the optimal price ¢ for buying and selling on such a market
must be time-independent.

Thus, the problem of extracting the maximal possible amount of capital in a
closed microeconomic system in finite time is reduced to the two staged process.
During the first stage the solutions of m problems (65)—(68) about the optimal
trading (buying and selling) for each of the subsystems for fixed initial and final
stocks of (N;p and N;) are found. The maximal amount of capital extracted (or
minimal amount of capital spent) E;(7) depends on N;. On the second stage it is
necessary to find the optimal N; from the condition

ZEZ'(T;E) — max (28)
i=1 Ni

subject to condition (78), which leads to the equality

LEI(T_’E) = A i1=1 m

ON;

where A is found from (78).
After taking into account (77) we get

= a(Ni, Ny + | = L—LdN; = (). (29)

The first summand in the first part is actually the optimal price at time 7, and
the second summand is a correction on this price. It is determined by the averaged
sensitivity of the optimal price to the volume of sold (or bought) resource. We shall
call the expression (80) the corrected price. The condition of optimal choice of the
trade volume takes the form of equality of the corrected prices for all subsystems

Eir(ﬁi) = A, 1=1,...,m. (30)
EXAMPLE 3 Assume that for each subsystem

P = — i=1,...,m, (31)

ni(cap) = ai(ci_pi)v 2:133m (32)
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Let us find out what amount of capital can be extracted from the i-th subsystem
in infinite time. After taking into account (82), from (77) it follows

.

dN; N;
hl’ In

Eix(N;) = h; N, N’

i=1,....,m.

?‘2:\2\

According to equality (73)

Ni  (Ni— Ni)? . (33)

Ei(t,N;) = hiln
20 o;T

The condition (81), which determines the optimal choice of Nj, takes the form (see
also (72))

= — N; — N N; — N
Cir(N;) = [pi(Ni)_ o }— o

This problem becomes much simpler if all subsystems have constant estimates
p = const. Then the condition of optimality (85) leads to the equalities

(pi — 4). (35)

= A. (34)

2 __ .
(Ni_NiO) = /1 — ANZ = it

;T 2

i —

From the condition (78) it follows that the value of A is equal to the averaged

weighted resource estimate
m

Y ap;
i=1
A==,
Q;
i=1
and
m
o o z aypPy
i = 2Z Pi — v=1 + NiO . (36)

m
> ay
v=1

After the substitution of N, into (86) we get the expression for the maximal
possible amount of capital E;(7, N : ), which can be extracted from the subsystem
in time 7. The profitability of the system is

E; = Z [pi(wf — Nio) — w} ' 0
=1 '

3. Open Microeconomic System

3.1. THE CONDITIONS OF EQUILIBRIUM OF AN OPEN MICROECONOMIC SYSTEM
WITHOUT INTERMEDIARY

Consider a system which includes r markets with perfect competition and (k —r)
economic agents which exchange resources and capital with each other (Fig. 2).
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Fig. 2: An open microeconomic system.

The resource estimates for the markets p; (i = 1,...,7) are constant. For i > r
these estimates depend on the stocks of resource IN; and capital M, in the i-th
subsystem. The initial values of these variables for ¢ > r are given. We assume that
the capital estimates are constant and are the same for each subsystem and find the
equilibrium stocks in subsystems and fluxes between them. Let the flux of resource
n; between economic agent with resource estimate p;(IV;, M;) be determined by the
flux of capital ¢; = —n;c;, where ¢; is the price of resource. This price is higher
than p;, if the economic agent sells resource (n; < 0), and it is lower than p;, if
n; > 0. If the exchange takes place between economic agent and the j-th market
then ¢; = pj, and

nij:nij(pj,pi), Qij = —PjNij j=1,....7r, i:T—I—l,...,k. (38)

If exchange takes place between two economic agents, then let us define (fol-
lowing [4]) the price ¢;;, in such a way that

ﬁiz/(pia Ciu) = *ﬁui (pm cil/) 5 (39)

where (i;v) > r+ 1. The conditions (90) allow us to express ¢;, in terms of p;, p,.
As a result we get
i (pispv) = —1wi(p, pi) - (40)
For example, let

Ny = &iu (pi - Cil/) ) Ny = dw’(pu - cil/) .

From the condition (90) we get ¢;, and the fluxes, that are used in equality (91),

o QiyPi + 0wiPy (41)
v diu+dui ’
Gy O
niv(pipy) = == Pi=m) = awPi-p), } (42)
14 1%
Nwi(Dvs i) = —naw(Pi,pv) = Py — i) -

The fluxes of capital are

Qv (i pv) = —ci(Pis D) (Dis DY) = —qui(Pu,pi) - (43)
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The dynamics of this system is governed by the following differential equations

dN;
dt = Z nji(pj7pi) ., N; (0) = Ny, (44)
dM,; .
dt = qui(pjvpi)v MZ(O) = My, i=r+1,...,m, (45)
=1

here n;; = g;; = 0. In equilibrium we have (k — r) conditions

which determine the equilibrium resource estimates p{ fori =r +1,... k.
Because the resource and capital fluxes are related to each other via (94),
where ¢;;, > 0, the constancy of the resource vector N and the constancy of capital
estimates lead to the constancy of the vector of capital M. From the stability of
the state of equilibrium of the system (95) follows the stability of the equilibrium
in the system (96).
Note that when ¢ is chosen from the condition (90) the capital dissipation is

Oiv = Niv(pi, civ) (i — civ) + nwi(Py, civ)(Civ — Du) = N (Pi,pv) (i — pu) . (47)

The conditions of equilibrium for the system (97) determinethe values of the
estimates p; (i = 1,...,k) only. Since these estimates depend on N; and M;, a
subset exists in the state space with coordinates N and M, which corresponds to
the equilibrium of open microeconomic system.

If the system is close to equilibrium then the continuous and smooth depen-
dencies n;, can be approximated as (93). In this case the dissipation o can be

rewritten as
k&
> aip :

=1 i=1

O =

J
and the conditions of equilibrium as
Zaji(pi*pj) :0, i:T+1,...,k.

o is strictly convex function and conditions of its minimumon p; (i =r+1,...,k)
are identical with conditions of equilibrium.

Thus: if the laws of resource exchange are close to linear in an open microe-
conomic system then in equilibrium the resource and capital stocks are distributed
between economic agents in such a way that capital dissipation o is minimal.

This statement is an analogue of the Prigogine theorem in irreversible thermo-
dynamics.
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Fig. 3: An open microeconomic system with an intermediary.

3.2. LIMITING RATE OF CAPITAL EXTRACTION

Let the system considered above include a intermediary which can buy a resource
from some economic agents and sell it to other ones. By operating in this way it
will extract capital (Fig. 3). The intermediary sets the price v; when it makes an
exchange with the i-th subsystem, and the flux of resource here is m;(p;,v;). In
equilibrium the problem of maximal rate of capital extraction takes the form

k
m o= =Y mipivvi  — max (48)
=1

subject to constraints
k
> milpivi) = 0, (49)
i=1

Kk
> niipip) = milpnvi), i=r+1,... k. (50)
=1

The minus sign appears in (99) because we assign as positive the resource ex-
change flux, which goes from EA to intermediary. Such flux is accompanied by
spending of capital. The condition (100) corresponds to the resource balance for
the intermediary, and the conditions (101) correspond to the balances for each of
the (k —r) EA.

In order to obtain the conditions of optimality for the problem (99) (101) we
write down its Lagrange function

k
L = Z [mi(piavi)(/l —vi+AN)— N 2nﬁ(pj,pi)] ) (51)

=1
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Here \; = 0 for i < r.
The conditions of optimality have the form

oL 8m,

8_1}120 - 90; (A_vi_)\i):mi(pi;vi)a i=1,...,k, (52)
k
oL om; oni;
=0 = YA —vi—N) =N\ 2 di=r+1,...,k. (53
Opi 3pi( ) ; Opi (53)

The conditions (100), (101), (103), (104) determine 2(k — r) unknowns p; and A;,
the value of A and k optimal prices v;.

In particular, if nj; = a;i(pi — pj), mi; = a;(v; — p;), then these conditions can
be rewritten as

Zai(’l)i*pi) = 0, (54)

k
Zaji(pi—pj) = Ozi(Ui*pi), ’i:T‘l-l,...,k, (55)
=1
2v; = N+ A+pi, i=1,...k, (56)
k
—ozi(/l—vi—i—)\i) = /\iZaﬁ-, i=r+2,...,k. (57)
j=1

EXAMPLE 4 Let us consider the particular case when £k = r = 2, p1 = p_,
p2 = p+, and py > p_. Then the system (105)—(107) takes the following form (the
conditions (106) and (108) are omited since r = k and \; and Ay are equal zero)

aj(vy —p-) +az(ve —py) = 0,
2Ul - A+p—7
200 = A+py.

The unknowns here are v; and vs.
This problem has the following solution

o — 201p— + co(p+ +p-)
! 2(a1 + ag) ’

o — 2000p4 + a1 (p4 +p-)
? 2(a1 + ag) .

Here v7 is the optimal price of buying the resource, v3 is the optimal price of selling
it. After taking into account the optimality of prices from condition (99) it follows
that the maximal rate of extraction of the basic resource is

. _ aaa(pr —p-)?
4(on +a—2)
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Consider another particular case when r = 2, and k£ = 3 (Fig. 3). In other
words, the system contains two markets, an intermediary and an economic agent.
Here v3 is the price of buying (selling) resource by intermediary from the EA and
p3 is the estimate of resource by EA. The subsystem contacts with the markets
and the intermediary and the capital and resource fluxes occur between them. The
goal of the intermediary remains the same — extraction of the maximal-possible
amount of capital. In order to solve this problem we rewrite the system (105)—(108)
in the following form

Oél(vl —p—) + 042(112 —p+) + 043(7)3 —p3) = 0, (58)
as(vs —p3) = au(ps —p-) + as(ps — p4) (59)
w = 2P (60)
A

n = SR (61)

A A
vy — BELEP (62)

2
—Qs (/1 —v3 + /\3) = /\3(0&4 + Oz5) . (63)

This gives v], v3, v3, 3.
Let us investigate the dependence of the limiting rate of profit and the flux of
resource between the intermediary and EA on the coefficient ay. We set

a; =02, a=03, a3=001, a5=04, p_-=4, py =7

and will find for them the dependencies v} (au), v3(au), v5(cu) and pi(as). The
substitution of the values found into equations for the limiting rate of profit (99)
yields the function m*(ay).

The function m*(ay) and the dependence of the flux between the intermediary
and EA m3(a4) = a3 - (v5(ou) — p3(ayq) are shown in Fig. 4.

From these figures it is clear that the function m*(a4) attains minimum for
some « = a,,, and the function mj(ay) is equal to zero for the same value ay only.

This is natural because when the intermediary conducts exchanges with EA
its objective is to enhance this profit. If the exchange flux is to equal zero, then
mg = 0 for some value of ay and the objective flux m is minimal.

4. Conclusion

As a conclusion to the analysis of the maximal work problems in thermodynamics
and maximal profit problems in microeconomics, we will now try to trace the link
between the second law of thermodynamics and its analogues in microeconomics.
Among numerous formulations of the second law of thermodynamics we will first
consider the Clausius formulation, which was made more accurate by Planck: “It
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Fig. 4: The dependencies of the limiting rate of profit and the flux of capital
between intermediary and EA on the parameter ay.

s 1mpossible to transfer heat from a cooler body to a hotter body and produce no
other effects”, and the Leontovich formulation that: “It is mot possible to build
a device which would produce positive work only by cooling one body without any
other effects”.

In microeconomics these formulations correspond to the following statements:

1. The flux of resource cannot flow from an economic agent with the higher
estimate to an economic agent with the lower estimate, without other changes
taking place.

2. It is not possible to produce profit by exchange with one economic agent
without any other changes.

The quantitative characteristics of the second law of thermodynamics for heat
systems is the equality to zero in the cyclic reversible process of the Clausius

integral
dQ
]{ T 0. (64)

From this equality it follows that such a function S exist, whose differential is
dS = dQ/T, and whose increment depends only on the initial and final states of
the homogeneous system and does not depend on the path between the initial and

the final states o
d
S = S+ / TQ (65)

Qo

In irreversible process the entropy of the system can only increase and its exergy
can only decrease. The state of equilibrium of a closed thermodynamic system



18 A.M. Tsirlin, V. Kazakov, N. A. Kolinko

corresponds to the maximum of its entropy and minimum of its exergy, subject to
the system constraints.

In order to obtain an analogue of entropy we consider a circular process in
uniform microeconomic system. The state of this system is described by the the
stock of resource N and the stock of capital M, p° is an equilibrium resource
estimate in units of M and r is the estimate of capital. In a circular reversible
exchange process between EA and intermediary, the intermediary can not produce
profit because its states and the states of the EA are the same in the beginning
and in the end of the process

jfds f{ (dM + p°dN) = jf(dEerOdN) = 0.

Thus a function S(N, M) exists, whose increment in a reversible process depends
only on the initial and the ﬁnal states and does not depend on the trajectory
between these states.

In irreversible process the purchase of resource (dN > 0) takes place if p > p°,
and its sail (dN < 0) if p < p%; the value of the integral obeys

N N

/ pdN > / pYdN,
No No
and the difference
N
AS = AEY — AE = /(p p")dN > 0.
No

This difference characterizes the irreversible losses of capital and is an analogue
of the entropy increment in thermodynamics. The resource exchange processes in
a closed microeconomic system are accompanied by equalization of the resource
estimates of economic agents. Therefore, they are accompanied by reduction in
profitability.

As a consequence of the second law of thermodynamics Max Planck formu-
lated the following statement: “Each natural process proceeds in such direction
that the sum of entropies of all the bodies which participate in it increases”. Ex-
actly the same statement is true in the irreversible microeconomics: “Each resource
exchange process proceeds in such direction that the net loss of profit of partic-
ipating economic agents is positive. In equilibrium the profitability of a closed
economic system attains maximum allowable by the constraints imposed on the
system”. The capital dissipation ¢ > 0, which has been introduced in this paper,
describes the rate of irreversible losses of system profitability.

Acknowledgements

The authors are grateful to Prof. K. Martinas for discussions which led to this
work.



Irreversibility and Limiting Possibilities of Macrocontrolled Systems: II. Microeconomics 19

1]
2]

Bibliography

A. Johansen and D. Sornette, Finite-time singularity in the dynamics of the world population
economic and financial indices, Physica A 294 (3-4) 465 (2001).

M. Lichnierowicz, Um modele d’echange economique (Economie et thermodynamique), An-
nales de I'Institut Henry Poincare, nouvell serie. Section B. 4, 159 (1970).

A.V. Malishevskii and L.I. Rozonoer, Model of chaotic resource exchange and analogies be-
tween economics and thermodynamics, in: Proceedings of V' All-Union Conference on control
problems, Moscow, VINITT, 1971.

K. Martinas, Irreversible microeconomics, Complex systems in natural economic and eco-
nomic sciences, Hungary, 1995.

K. Martinas, Irreversible Microeconomics, in: Complexr Sustems in Natural and Economic
Sciences, K. Martinas, M. Moreae, eds., Matrafured, 1995.

K. Martinas, Irreversible microeconomics, Intern. Onsager Workshop, Leideu, pp. 147-152,
2000.

L.I. Rozonoer, Resource exchange and distribution (generalized thermodynamic approach,
Automation and Remote Control 8, 82 (1973).

P. A. Samuelson, Principle of mazximization in economic analysis, Thesis, Winter, 1, 1,
pp.- 184-202, 1993.

P. A. Samuelson, Economics, Moscow, Progress, 1964.

A.M. Tsirlin, Optimal control of resource exchange in economic systems, Automation and
Remote Control 3, 116 (1995).

A.M. Tsirlin, Thermodynamics of economic systems, in: Theoretical and applied basis of
program systems, pp. 1533-1556, 1994.

A.M. Tsirlin and N. A. Kolinko, The mazimal profit problem in resource exchange systems,
in: Proceeding of the International Conference “Intellectual technologies in control problems”,
pp. 172 177, 1999.



